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Dynamical observational probes of the growth of density perturbations indicate that gravity may
be getting weaker at low redshifts z. This evidence is at about 2− 3σ level and comes mainly from
weak lensing data that measure the parameter S8 = σ8
√
Ω0m/0.3 and redshift space distortion
data that measure the growth rate times the amplitude of the linear power spectrum parameter
f σ8(z). The measured f σ8 appears to be lower than the prediction of General Relativity (GR)
in the context of the standard ΛCDM model as defined by the Planck best fit parameter values.
This is the well known f σ8 tension of ΛCDM, which constitutes one of the two main large scale
challenges of the model along with the H0 tension. We review the observational evidence that leads
to the f σ8 tension and discuss some theoretical implications. If this tension is not a systematic
effect it may be an early hint of modified gravity with an evolving effective Newton’s constant Geff
and gravitational slip parameter η. We discuss such best fit parametrizations of Geff(z) and point
out that they can not be reproduced by simple scalar-tensor and f(R) modified gravity theories
because these theories generically predict stronger gravity than General Relativity (GR) at low z in
the context of a ΛCDM background H(z). Finally, we show weak evidence for an evolving reduced
absolute magnitude of the SnIa of the Pantheon dataset at low redshifts (z < 0.1) which may also
be explained by a reduced strength of gravity and may help resolve the H0 tension.
PACS numbers: 98.80.−k, 98.80.Es, 04.50.Kd, 98.38.Mz, 95.30.Sf
1. INTRODUCTION
The simplest model consistent with current cosmological observations is the ΛCDM model which assumes the
existence of a fine tuned cosmological constant that drives the accelerating expansion of the universe [1]. A wide
range of cosmological observations have imposed strong constraints on the six free parameters of the model. These
observations include Type Ia supernovae (SnIa) used as distance indicators [2–5], the Cosmic Microwave Background
(CMB) angular power spectrum [6–8], the Baryon Acoustic Oscillations (BAO) [9, 10], Cluster Counts (CC) [11–15],
Weak Lensing (WL) [16–21] and Redshift Space Distortions (RSD) [22–26]. The first three of the above (SnIa, CMB
power spectrum peak locations and BAO), act as cosmological distance indicators and probe directly the cosmic metric
independent of the underlying theory of gravity. These are known as “geometric probes” [15, 27, 28]. The other three
types of observations, probe simultaneously the cosmic metric and the growth rate of cosmological perturbations.
They are sensitive to the dynamics of growth and thus to the type of the underlying theory of gravity. These are
known as “dynamical probes” [15, 27, 28].
The consistency of the standard ΛCDM model with cosmological observations requires that the model passes two
types of tests:
• The quality of fit of the model is acceptable in the context of each one of the above observational probes.
• The best fit values of the six free parameters of the model obtained with each individual probe are consistent
with each other at a level of about 1− 2σ. If this is not the case, then we have a “tension” of ΛCDM.
The ΛCDM model appears to pass the first test in the context of practically all current observational probes. However,
there seem to be some issues for ΛCDM in the context of the second test [29]. In particular, two classes of tension
appear to persist and amplify during the past decade. The first is the H0 tension, where H0 is the Hubble parameter.
The Planck mission [7, 8] reports that H0 = 67.4 ± 0.5kms−1Mpc−1 at the 1σ level, whereas local measurements
mainly from Cepheid [30] and SnIa luminosity distance indicators [31, 32] report that H0 = 74.03±1.42kms−1Mpc−1
at the 1σ level, a value approximately 4σ away from the Planck reported one. This tension indicates that the local
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2measurement of the Hubble parameter (at scales up to 400Mpc) obtained mostly using SnIa, is higher than the
global value obtained from the Hubble volume on scales of 10Gpc [33] through an extrapolation of H(z) from the last
scattering surface to the present time in the context of ΛCDM as shown in Fig. 1
FIG. 1: The comoving Hubble parameter as a function of z superimposed with BAO data from BOSS DR12 [10]
survey (orange points), BOSS DR14 quasar sample [34] (green point), SDSS DR12 Lyα sample [35] (yellow points)
and the Hubble Space Telescope survey [36] (blue point). The black line corresponds to the best fit obtained from
the Planck18 CMB data under the assumption of a ΛCDM background, while the grey areas are the 1σ regions
(from Ref. [8]).
Possible explanations of this tension include systematic errors of the CMB and/or the SnIa distance indicators.
Alternatively this tension could be an early hint for physical deviations from the ΛCDM model (see e.g. Ref. [37]
for a recent review). The later possibility is more likely in view of the fact that other local cosmological observations
including other SnIa data analysis methods [38–40], gravitational lensing [41] and Tully-Fisher type calibration of
SnIa [42] appear to be consistent with the SnIa measurement [31, 32]. In contrast, measurements involving BAO [9]
and SnIa calibration using the tip of the red-giant branch distances [43] are consistent with the extrapolated global
CMB measurements of H0.
A natural cause for this tension could be cosmic variance. If it happens that we live in a locally underdense region
of the universe we would locally measure a value of H0 that would be higher than the mean value over the whole
universe. It has been shown however [44], that the required magnitude of such a underdensity on the required scales
of 150Mpc is very unlikely in a ΛCDM universe. In such a universe cosmic variance adds a 1σ error to the locally
measured H0 of only σH0 = 0.31kmsec
−1Mpc−1 which is negligible compared to the 6kms−1Mpc−1 needed to resolve
the H0 tension.
Non-gravitational physical mechanisms that can reduce the H0 tension include the following:
• Modifications of expansion rate at late times in the context of alternative dark energy models [45–47], decaying
dark matter models [48, 49], or the presence of massive sterile neutrinos [50] which tend to amplify the acceler-
ating expansion at late times. Such modifications could drive upward the low z part of the H(z) curve shown
in Fig. 1, thus bringing the z = 0 prediction of the CMB closer to the H0 result of the local measurements of
Ref. [32]
• Inhomogeneous cosmologies [51] that would make a local deep underdensity more likely than in the case of
ΛCDM.
• A new component of dark radiation [52] which would tend to decrease the sound horizon rs at radiation drag
thus leading to a predicted increase of H0 by shifting the whole curve of Fig. 1 upwards. This approach has the
advantage of shifting at the same time the BAO points shpwn in Fig. 1.
The origin of these mechanisms is non-gravitational and the consensus is that since H0 is a geometric parameter it
can not be affected by modifications of GR. However as discussed in more detail below, the physics of SnIa is heavily
based on the assumption of validity of GR. For example, an evolving Newton’s constant at low redshifts would directly
affect the absolute magnitude of SnIa leading to requirement for a new interpretation of the SnIa distance moduli.
3Therefore, even though the SnIa absolute magnitude is usually assumed constant and is marginalized as being a
nuisance parameter, its possible evolution may carry useful information about the robustness of the determination of
H0 using SnIa and about possible modifications of GR. Two interesting question therefore arise:
• Are there indications for evolution of the SnIa absolute magnitude at low z?
• What would be the implications of such evolution on the derived value of H0 and on the possible evolution of
the effective Newton’s constant?
These are among the questions discussed in what follows.
The second tension in the context of ΛCDM is the σ8 tension, where σ8 is the density rms matter fluctuations within
spheres of radius 8h−1Mpc and is determined by the amplitude of the primordial fluctuations power spectrum and by
the growth rate of cosmological fluctuations. In particular, dynamical probes, (mainly RSD [22, 25, 26, 53] and WL
data [16, 17, 19, 20]), favor lower values of σ8 and/or Ω0m, than the corresponding values reported by Planck [7, 8]
at a 2− 3σ level. This tension if not due to systematics of the dynamical probes or CMB data could be interpreted
as indication for a weaker gravitational growth of perturbations than the growth indicated by GR in the context of a
ΛCDM model with the Planck18/ΛCDM parameter values which are shown in the following Table I
TABLE I: Planck18/ΛCDM parameters values from Ref. [8] based on TT,TE,EE, lowE and lensing likelihoods.
Parameter Planck18/ΛCDM [8]
Ωbh
2 0.02237± 0.00015
Ωch
2 0.1200± 0.0012
ns 0.9649± 0.0042
H0 67.36± 0.54
Ω0m 0.3153± 0.0073
w −1
σ8 0.8111± 0.0060
In addition to a possible evolution of the effective Newton constant discussed below, non-gravitational mechanisms
can also reduce the σ8 tension (see e.g. Ref. [54] for a recent review). Such effects include the following:
• Interacting dark energy models, which modify the equation for the evolution of linear matter fluctuations in a
given H(z) cosmological background [55–57].
• Dynamical dark energy models [45, 56, 58–61] and running vacuum models [62, 63], which modify the cosmo-
logical background H(z) to a form different from ΛCDM.
• Effects of massive neutrinos [61, 64]. Neutrinos are relativistic at early times (contribute to radiation) while at
late times they become non-relativistic but with significant velocities (hot dark matter) while they constitute a
non-negligible fraction of the dark matter of the universe. The conversion of radiation to hot dark matter plays
a role in the Hubble expansion. At the same time the residual streaming velocities are still large enough at late
times to slow down the growth of structure. Thus, neutrinos affect both background expansion and the growth
of cosmological perturbations in such a way as to slow down the growth as required by the RSD data. Their
effects on easing the σ8 tension coming from WL data has been questioned by the recent analysis of Ref. [65]
(see also Fig. 2)
Besides these categories, alternative parameters beyond the standard ones, such as a running scalar spectral index, a
modified matter expansion rate or a bulk viscosity coefficient may have the potential to ease the σ8 tension [70].
In addition to these non-gravitational effects that can slow down growth at low redshifts, modified gravity theories
can also contribute in the same direction in a manner that is more generic and fundamental. The feature required
from this class of theories is a reduced effective Newton’s constant Geff at low redshifts. It turns out that this behavior
can not be achieved in a ΛCDM background for most scalar-tensor and f(R) theories [25, 71, 72]. However, it is
possible in other less generic modified gravity theories including telleparallel theories of gravity [73, 74], Horndeski
theories [75, 76] or theories beyond Horndeski [77].
Clearly a reduced (compared to GR) evolving effective Newton’s constant would have important signatures on low
z cosmological observations. In particular:
• It would affect [25, 26] the low l CMB power spectrum through the Integrated Sachs-Wolfe (ISW) effect [78, 79].
• It would affect [25, 26] the growth rate of cosmological fluctuations as detected through the RSD [22–26], WL
[16–21] and CC data [11–15].
4FIG. 2: 1− 2σ constraints for S8 = σ8
√
Ω0m
0.3 for various combinations of datasets and models superimposed with the
Kilo Degree Survey (KiDS) [61] survey bounds (grey regions) for each cosmological model (adopted from Ref. [65]).
In particular, the CFHTLenS linear cut model corresponds to the conservative cut of the cosmic shear data of the
Canada-France-Hawaii Telescope Lensing (CFHTLens) survey [66, 67] in order to reduce the non-linear scale
contribution [68], the JLA acronym corresponds to the Supernovae Data from Ref. [4], the R16 stands for the H0
measurement given in Ref. [32], the BAO data correspond to the data used in Ref. [7], while the KiDS linear cut
model describes the conservative cut of Ref. [17] and
∑
mν stands for the inclusion of massive neutrinos. Notice
that only the introduction of the Alens parameter which is degenerate with the evolution of Geff [69] can lead to a
reduction of the tension between Planck and dynamical probes.
• It would induce an evolution of the SnIa absolute magnitude which depends on the magnitude of Newton’s
constant [80–83]. Notice however that the value of the effective Newton’s constant here should be obtained from
a strong gravity calculation in the context of a modified gravity theory and thus is not in general identical with
the Geff derived for the growth of cosmological perturbation which involves a perturbative calculation.
For a viable modified gravity mechanism there should be consistency with respect to the type and magnitude of
Newton’s constant evolution favored by the above cosmological observations keeping in mind the strong gravity
effects involved in the SnIa physics. It will be seen in what follows that indeed all of the above probes mildly favor a
reduced value of Newton’s constant at low z. However, the favored magnitude and statistical significance of such a
reduction varies among the above observational probes.
An evolving with redshift Newton’s constant Geff(z) may be parametrized in the context of a wide range of
parametrizations including theoretically motivated [68, 69, 84–86] and model independent [25, 26] forms and leads to
a modification of the linear growth of cosmological perturbations.
This modified growth equation is obtained by considering the perturbed Friedmann–Lemaˆıtre-Robertson–Walker
(FLRW) metric in the Newtonian gauge which is given by [87–89]
ds2 = −(1 + 2Ψ)dt2 + a2(1− 2Φ)d~x2 , (1.1)
where a is the scale factor that is connected to the redshift z through a = 1/(1 + z) and Ψ, Φ correspond to the
Bardeen potentials in the Newtonian gauge [88]. Einstein’s equations in Fourier space at linear order take the form
5[90–92]
k2Ψ = −4piGNµ(a, k)a2ρ∆ , (1.2)
Φ = η(a, k)Ψ , (1.3)
k2(Φ + Ψ) = −8piGN Σ(a, k) a2ρ∆ , (1.4)
where µ ≡ Geff/GN (GN is Newton’s constant as measured by local experiments and solar system observations),
∆ is the comoving density contrast defined as ∆ ≡ δ + 3aHu/k. δ ≡ δρρ is the linear matter growth factor, u is
the irrotational component potential of the peculiar velocity, ρ is the matter density of the background, η is the
gravitational slip and Σ ≡ GL/GN is the lensing normalized Newton constant.
In GR, Geff which is connected with the growth of matter perturbations and GL which is related with the lensing
of light through the Weyl potential Φ+2 = Φ + Ψ coincide with GN . The Weyl potential can be connected with lensing
since the cosmic convergence of null geodesics with respect to unperturbed geodesics is given by [93]
κ(r, θ) =
1
4
∫ r
0
dr′
r − r′
r
r′∇2Φ+(θ, r′) (1.5)
where r and θ are the comoving coordinates of the source. The parameters µ, η and Σ are connected as
Σ(a, k) =
µ(a, k) [1 + η(a, k)]
2
, (1.6)
and they are key parameters in detecting deviations from GR where their value coincides with unity.
In what follows we focus on the parameter µ. This parameter is associated with the linear matter growth factor
through the growth equation [92]
δ¨ + 2Hδ˙ =
3
2
H2 Ωm µ δ , (1.7)
where the dot denotes differentiation with respect to cosmic time t. eq. (1.7) is derived using the conservation of the
matter energy momentum tensor and the modified Poisson eq. (1.2) assuming scales much smaller than the Hubble
scale. For most modified gravity models the scale dependence of µ is very weak in scales much smaller than the
Hubble scale. In addition, most growth data do not report scale dependence but only redshift dependence. Thus, we
only parametrize the dependence of µ on the the scale factor, i.e. µ(a, k) = µ(a) and we get the growth equation in
redshift space as
δ′′ +
(
H ′
H
− 1
1 + z
)
δ′ =
3
2
Ωm
(1 + z)
2 µ δ , (1.8)
where in eq. (1.8), the prime denotes differentiation with respect to the redshift z. The equation for the growth rate
f(z) ≡ dlnδdlna may also be obtained from eq. (1.8) as
(1 + z) f ′ − f2 +
[
(1 + z)
H ′
H
− 2
]
f = −3
2
Ωm µ , (1.9)
Fixing the background H(z) and considering a specific parametrization for µ, eq. (1.9) can be solved (either nu-
merically or analytically) with initial conditions deep in the matter era where δ ∼ a (assuming GR is restored at
early times). Combining this solution with the rms density fluctuations on scales of 8Mpc, σ8, which evolves as
σ8(z) = σ8(z = 0)
δ(z)
δ(z=0) , we obtain theoretical prediction for the product f σ8 given σ8(z = 0) ≡ σ8, H(z) and µ(z).
In particular
f σ8(a) ≡ f(a) · σ(a) =
σ8
δ(1)
a δ′(a) (1.10)
is reported by many surveys since 2006, leading to collections of data which can be used to constrain simultaneously
H(z) and µ(z).
While H(z) is usually parametrized as wCDM i.e.
H2(z) = H20
[
Ω0m(1 + z)
3 + (1− Ω0m)(1 + z)3(1+w)
]
(1.11)
6which reduces to ΛCDM for an equation of state parameter w = −1, the effective Newton’s constant parameter µ
does not have a commonly accepted parametrization. Some authors motivated from the predictions of scalar-tensor
theories use a scale dependent parametrization for µ and η as [84, 86]
µ(a, k) =
1 + β1λ
2
1k
2as
1 + λ21k
2as
,
η(a, k) =
1 + β2λ
2
2k
2as
1 + λ22k
2as
(1.12)
In the special case of f(R) theories the parameters that appear in eq. (1.12) are
β1 = 4/3; β2 = 1/2; λ
2
2/λ
2
1 = 4/3. (1.13)
Clearly for β1 > 1 (as is the case for f(R) theories [94, 95] and in most scalar-tensor theories) we have µ > 1 at low
z and thus gravity is stronger than in GR at low z in these classes of theories [72, 94–97].
Another parametrization that has been studied in the literature is the parametrization of no-slip gravity [76], a
subclass of Horndeski theories which remains viable after the binary star collision GW170817 [98]. In this case µ takes
the form [76]
µ =
2
2 + b+ b tanh
[
τ
2 log10(
a
at
)
] (1.14)
where b, τ and at correspond to parameters that describe the amplitude, the rapidity and the scale factor at the time
when µ shifts from unity in the early universe to µ = 1 + b.
An alternative scale dependent class of parametrizations for µ and η is of the form [68, 69]
µ(a, k) = 1 + f1(a)
1 + c1(λH/k)
2
1 + (λH/k)2
; (1.15)
η(a, k) = 1 + f2(a)
1 + c2(λH/k)
2
1 + (λH/k)2
, (1.16)
For sub-Hubble scales this parametrization becomes scale independent and has been expessed as [69]
µ(a, k) = 1 + E11ΩDE(a) ; (1.17)
η(a, k) = 1 + E22ΩDE(a) . (1.18)
where ΩDE(a) is the density parameter of the dark energy.
For E11 < 0 gravity is weaker compared to GR at low z and indeed the best fit value obtained in Ref. [69] when
dynamical probes are taken into account is negative (E11 = −0.21+0.19−0.45 when CMB and WL data are taken into
account).
A model and scale independent parametrization [25, 26] for µ which reduces to the GR value at low and high z,
while respecting the constraints from solar systems tests and from the nucleosynthesis [99, 100] is
µ = 1 + ga(1− a)n − ga(1− a)2n = 1 + ga
(
z
1 + z
)n
− ga
(
z
1 + z
)2n
, (1.19)
where ga and n integer with n ≥ 2 are parameters to be fit from data. A distinguishing feature of this parametrization
is that it naturally and generically respects solar system and nucleosynthesis constraints (dµdz |z=0 = 0, µ(z = 0) = 1,
µ(z →∞) = 1) [99–102].
An alternative approach for the parametrization of deviations from GR is based directly on the growth rate f of
density fluctuations. The growth rate f is usually parametrized using the“growth index” γ as
f(z) =
dlnδ
dlna
≈ Ωm(z)γ (1.20)
where γ in most dark energy models based on GR is γ ≈ 0.55. For many modified gravity theories this quantity
is not constant and is parametrised instead as a function of the redshift z (see e.g. Ref. [103] and for updated
7observational constraints of this parameter Refs. [72, 104–106]). In particular, recent observations indicate that
γ > 0.55 (weaker growth rate) in contrast to the usual theoretical prediction of γ < 0.55 that is supported by many
modified gravity models such as f(R) theories [107] and indicates stronger gravity at low z. In what follows we focus
on the parametrization (1.19).
The µ parametrization (1.19) has been extensively studied in Refs. [25, 26, 108], where it was shown that in the
context of a wide range of different RSD datasets, a negative value of the parameter ga is favored in the context
of Planck18/ΛCDM background expansion rate H(z) (ga = −0.68 ± 0.18) indicating weaker gravity than the GR
prediction at low z.
This trend for weaker gravity at low z is also supported by WL data [16, 17, 19, 20, 65] even though in these
references this trend was expressed as a trend for lower values of σ8 and Ω0m (or equvalently S8 ≡ σ8
√
Ω0m/3)
compared to the Planck18/ΛCDM best fit since µ was fixed to unity. This tension level which can not be released
even by the inclusion of massive neutrinos is demonstrated in Fig. 2. In Fig. 2 Alens is an effective parameter
that rescales the lensing amplitude in the CMB spectra. The extension of ΛCDM involving the parameter Alens is
degenerate with a modified gravity extension and can clearly decrease the σ8 tension implied by the WL data as
shown in Fig. 2 [65]. In contrast the introduction of massive sterile neutrinos appears to have small effect on the
tension level.
As discussed above, an evolving µ can also affect the H0 tension problem. Indeed, local measurements of H0 are
heavily based on SnIa as distance indicators and on the assumption that after proper calibration the SnIa absolute
magnitude M may be assumed to be constant. The peak luminosity of SnIa, is related to the gravitational constant
as L ∝ G−3/2 [81], which leads to an absolute magnitude M that is associated with µ through [80, 81]
M −M0 = 15
4
log10 (µ) (1.21)
where M0 is a reference asymptotic value of the absolute magnitude. A more detailed and accurate approach for
determing the dependence of M of SnIa on the Newton’s constant has been implemented in Ref. [83] through a
semi-analytical method of light curve fitting which uses the standardised intrinsic luminosity L instead of the peak
luminosity of individual events to find the dependence of M on the value of G. Usually, M is considered to be a
constant nuisance parameter and is marginalized. However, since dynamical probes favor a µ smaller than the GR
value, similar trends (perhaps not of the same magnitude due to the strong gravitational fields involved) are expected
for the absolute magnitude M . In what follows we present a short preliminary analysis attempting to address this
issue and identify possible trends and constraints in the absolute M of the SnIa.
In the context of the above discussion, the following questions arise:
• What is the current level of the f σ8 tension and what is the implied evolution of µ in the context of ΛCDM?
• Are there hints of a similar evolution of µ in the Pantheon SnIa dataset?
• What is the allowed evolution of µ from the low l CMB data?
These questions will be addressed in what follows.
The structure of this brief review is the following: In Sec. 2 we review the f σ8 tension and the implications of a
dynamical µ(z) for modified gravity theories. In Sec. 3 a tomographic analysis of the SnIa absolute magnitude of the
Pantheon dataset is performed and the constraints on possible evolution at low z are specified. Finally, in Sec. 4 the
constraints on an evolving µ from the low l angular CMB spectrum and the ISW effect are presented in the context
of a ΛCDM background, while in Sec. 5 we outline and discuss our results.
2. THE f σ8 TENSION AND MODIFIED GRAVITY.
2.1. Observational Evidence
The solution of eq. (1.8) with initial conditions deep in the matter era, a wCDM background (1.11) and an
evolving parameter µ(z) of the form (1.19) with n = 2 respects both nucleosynthesis constraints and solar system
constraints. The theoretical prediction for f σ8(z) obtained from such a solution using also eq. (1.10) depends on
the parameters Ω0m, w and ga and is shown in Fig. 3 along with a large compilation of corresponding datapoints
[26] (the different colors correspond to early or more recent time of publication). Clearly the parameter values
(Ω0m, w, σ8, ga) = (0.31,−1, 0.83, 0) corresponding to Planck18/ΛCDM lead to larger growth (f σ8(z)) than most data
would imply especially at redshifts z < 1 (red line). The fit to the data may be improved either by modifying the
background expansion rate H(z) (e.g. lowering Ω0m) and/or by lowering the strength of gravity at low z. Fixing
8the background H(z) to Planck18/ΛCDM and allowing ga in eq. (1.19) to vary we obtain [25, 26] a best fit value of
ga = −0.68± 0.18 for n = 2 which is approximately 3.7σ away from the GR value ga = 0.
0.0 0.5 1.0 1.5
0.2
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0.6
0.7
z
fσ 8(z)
Planck18/ΛCDM (χ2=46.32)
ΛCDM Best Fit(Ω0m=0.28,σ8=0.78), (χ2=31.06)
Planck18/ΛCDM + Evolving μ(α) (χ2=32.79)
WMAP7/ΛCDM (χ2=33.18)
FIG. 3: Evolution of f σ8 as a function of redshift. The red dashed line corresponds to the Planck18/ΛCDM model
(Ω0m = 0.315± 0.007, σ8 = 0.811± 0.006), the green one to the WMAP7/ΛCDM
(Ω0m = 0.266± 0.025, σ8 = 0.801± 0.030), the black one to an evolving µ with a Planck18/ΛCDM background
(Ω0m = 0.315± 0.007, σ8 = 0.811± 0.006, ga = −0.681± 0.177), while the blue one describes the best fit ΛCDM
coming from the 63 compilation of Ref. [26] (Ω0m = 0.279± 0.028, σ8 = 0.775± 0.018). The orange points
correspond to the 20 latest datapoints, while the red ones to the 20 earliest of this compilation. The blue points
account for the rest of the growth data.
The trend for weaker gravity at low redshifts is also evident in Fig. 4 which shows the best fit form of µ(a) as a
function of the scale factor a for the best fit values of ga coming from the robust RSD data compilation of Ref. [25] for
different values of n. The required drop of µ(a) becomes stronger and localized to low z as n increases. As discussed
in section 4 however, such a large drop is not consistent with the low l CMB angular power spectrum and the ISW
effect.
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
α
μ(α)
n=1,
gα=-0.76 n=2,gα=-0.93 n=3,gα=-1.23 n=4,gα=-1.62 n=5,gα=-2.07 n=6,gα=-2.57
FIG. 4: Evolution of µ as a function of the scale factor a considering the best fit values for ga and various values of
n using the robust collection of Ref. [25]
.
An interesting feature of the theoretical model predictions for f σ8(z) shown in Fig. 3 is the degeneracy among
these predictions for z > 1. This degeneracy has been investigated in some detail in [109] for f σ8(z) and for other
cosmological observables. It was found that there are blind redshift spots where observables are degenerate with
respect to specific cosmological parameters. For f σ8(z) with respect to the parameter ga there is a blind spot at
z ' 2.5 and its constraining power is significantly reduced for z > 1. Thus f σ8(z) datapoints with z < 1 can constrain
µ(z) (or equivalently ga) much more efficiently than points at higher redshifts. This is demonstrated in Fig. 5 which
9shows the difference between the growth rate in the context of an evolving f σ8(z) from the Planck18/ΛCDM f σ8(z)
[109] for various values of ga. This difference is defined as
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FIG. 5: Evolution of ∆f σ8 as a function of the redshift z for different values of ga. These curves are superimposed
with the 20 earliest datapoints (left panel), the 20 latest (middle panel) and the full compilation (right panel) of Ref.
[26]. Notice that early lower z datapoints are much more efficient in detecting hints of modified gravity (a non-zero
value of ga).
∆f σ8 = f σ8(z,Ω
Planck18
0m ,−1, ga)− f σ8(z,ΩPlanck180m ,−1, 0) (2.1)
Clearly, early published datapoints which tend to have lower redshifts (right panel) have more constraining power
than more recently published datapoints (middle panel) which have higher z and larger errorbars. The tension level
comes mainly from early datapoints which appear to favor ∆f σ8 < 0 i.e. weaker growth.
1
The trend for weaker growth of matter perturbation than the growth favored by Planck18/ΛCDM has been pointed
out in a wide range of studies in the context of different dynamical probe data. One of the first analyses that
pointed out the weak growth tension was that of Ref. [22] where it was pointed out that RSD measurements are
consistently lower than the values expected from Planck in the context of ΛCDM. It was also pointed out that other
dynamical probes like the Sunyaev-Zeldovich (SZ) cluster counts [111] also indicate weaker growth (σ8 = 0.77± 0.02,
Ω0m = 0.29±0.02). Similar trends were found earlier using the measurement of the galaxy cluster cluster mass function
in the redshift range z ∈ [0, 0.9] [112] where lower values of Ω0m and σ8 were favored. Later studies confirmed this
trend by pointing out that best fit cosmological parameters like the matter density Ω0m and the dark energy equation
of state w differ at a level of 2− 3σ between geometric probes (SnIa, BAO and CMB peak locations) and dynamical
probes (RSD data, CC and WL) [15, 113]. The dynamical probes of growth pointed consistently towards lower values
of Ω0m and thus weaker growth. It was also realized that in particular WL data indicated consistently a 2 − 3σ
tension with the Planck parameter values of Ω0m − σ8 [7, 17, 65] (for updated constraints see also Fig. 2 adopted
from Ref. [65]). For example, the Kilo-Degree Survey (KiDs-450) [17, 61] finds S8 ≡ σ8
√
Ω0m/0.3 = 0.74 ± 0.035
which is smaller at a 2.6σ tension compared to the corresponding Planck best fit value S8 = 0.832± 0.013 [8]. More
recent WL cosmic shear data from the Dark Energy Survey [18, 20] indicate S8 = 0.792± 0.024 i.e. a weaker tension
with geometric probes and Planck (about 1− 2σ) albeit in the same direction of weaker growth and lower Ω0m − σ8
(DES indicates that Ω0m = 0.264
+0.032
−0.019 [20] to be compared with Planck best fit Ω0m = 0.315± 0.007 [8]). Reduced
value of σ8 (σ8 = 0.77± 0.02) is also indicated by high l measurements (l > 2000) of the E-mode angular auto-power
spectrum (EE) and the temperature-E-mode cross-power spectrum (TE) taken with the SPTpol instrument [114].
The tension level between geometric and dynamical probes has recently been quantified by using specific statistics
designed to probe the tension in a more efficient and quantitative manner [115–117]. These studies have verified the
statistical significance of the tension between geometric and dynamical probes and demonstrated that even though
the dynamical probes (RSD, WL and CC) are consistent with each other pointing towards weaker growth than GR,
they are in discordance with the geometric probes in the context of GR.
1 The RSD datapoints of Fig. 5 include a 1− 3% “fiducial cosmology” Alcock-Paczynski correction [22, 25, 26, 110] i.e. they have been
multiplied by a factor
H(z)dA(z)
Hfid(z)dAfid
(z)
where the subscript fid indicates the fiducial cosmology used in each survey to convert angles
and redshift to distances for evaluating the correlation function and H(z), dA(z) correspond to the Hubble parameter and the angular
diameter distance of the true cosmology.
10
2.2. Theoretical Implications
The most generic approach to the “weak growth” tension is the modified gravity approach. If this tension is in
fact due to a modification of GR on cosmological scales the following question arises: “What observationally viable
modified gravity models can reproduce a weaker gravity than that predicted by GR at low redshifts?” A naive response
to this question would indicate that any viable modified gravity model can lead to weaker gravity than GR at late
times with proper choice of its parameters. However it may be shown that this is not the case. Recent studies have
addressed this question for f(R) theories, for minimal scalar tensor theories [72, 108] for Horndeski theories [76, 118]
and beyond Horndeski Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theories [96].
For f(R) models with an action of the form
S =
∫
d4x
√−g f(R)
2
+ Sm, (2.2)
the predicted µ(z, k) is given as [71]
µ(z, k) =
(
df
dR
)−1 1 + 4
(
d2f
dR2 /
df
dR
)
· k2 (1 + z)2
1 + 3
(
d2f
dR2 /
df
dR
)
· k2 (1 + z)2
 (2.3)
where in this case µ depends on both the redshift z and the scale k. In addition, the stability conditions
d2f
dR2
> 0
df
dR
> 0 (2.4)
should be satisfied [95]. Also in viable f(R) models dfdR ' 1 at early times deep in the matter era (high R) [119]. Thus,
since d
2f
dR2 > 0 we must have
df
dR < 1 at late times (low R). It follows that both factors of eq. (2.3) are larger than unity
and we have generically in f(R) theories that µ(z) ≥ 1. This is a generic result independent of the background H(z)
indicating that f(R) theories are unable to resolve the weak growth tension because they predict stronger gravity
than GR.
A similar result is true for minimal scalar-tensor theories provided that the expansion background is close to ΛCDM.
Setting 8piGN = 1, the minimal scalar-tensor action has the form [120]
S =
∫
d4x
√−g
[
1
2
F (φ)R− 1
2
gµν∂µφ∂νφ− U(φ)
]
+ Sm, (2.5)
The dynamical equations obtained by variation of this action in the context of a flat FRW metric are of the form
[89, 120]
3FH2 = ρ+
1
2
φ˙2 − 3HF˙ + U (2.6)
−2FH˙ = (ρ+ p) + φ˙2 + F¨ −HF˙ (2.7)
where the dot represents differentiation with respect to cosmic time t. After rewriting the equations of motion in
terms of the redshift, defining the rescaled square Hubble parameter as q(z) = H
2(z)
H20
and eliminating the scalar field
potential U(φ), we obtain a differential equation which associates the coupling function F (φ) and the scalar field φ as
F ′′(z) +
[
q′(z)
2q(z)
− 2
1 + z
]
F ′(z)− 1
(1 + z)
q′(z)
q(z)
F (z) + 3
1 + z
q(z)
Ω0m = −φ′(z)2 (2.8)
where the prime stands for differentiation with respect to redshift z.
In scalar tensor theories µ is expressed as [82, 89]
µ(z) =
1
F (z)
F (z) + 2F 2,φ
F (z) + 32F
2
,φ
(2.9)
Using eq. (2.9) in the differential equation (2.8) and expanding around z = 0, while using the solar system constraint
µ′(z = 0) = 0 [99, 100] we find in the context of a wCDM background [72]
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µ′′(0) = 9(1 + w)(−1 + Ω0m) + 9(1 + w)
2(−1 + Ω0m)2
φ′(0)2
+ 2φ′(0)2 (2.10)
For a ΛCDM background eq. (2.10) leads to the low z expansion
µ(z) ≈ µ(0) + 1
2
µ′′(0)z2 = 1 + φ′(0)2 z2 + . . . (2.11)
which implies that µ(z) can only increase with redshift around z = 0 in the context of a ΛCDM backround. In fact
this result (µ′′(0) > 0) is also applicable for w < −1 as it can be seen from eq. (2.10), while for w > −1 it is possible
to have µ′′(0) < 0 as shown in Fig. 6.
-1.4 -1.2 -1.0 -0.8 -0.6-1.0
-0.5
0.0
0.5
1.0
w
ϕ′ (0)
μ''(0)
0
FIG. 6: The second derivative of µ(0) in the parametric space of φ′(0) and w. The brown region describes the
parameter values for µ′′(0) > 0, while the blue region describes the parameter values for µ′′(0) < 0 (from Ref. [72]).
Thus, the increasing nature of µ(z) in scalar tensor theories that respect the solar system constraints has been
demonstrated analytically in the context of a ΛCDM background around z = 0.
0.0 0.5 1.0 1.5 2.0
-1.0
-0.5
0.0
0.5
1.0
z
ϕ'(z)2
n=1 n=2 n=3 n=4 n=5 n=6
FIG. 7: Evolution of the scalar field φ as a function of redshift z corresponding to the best fit values of ga and
various values n using the robust compilation of Ref. [25]. Notice that the n = 1 case shows no ghost instabilities
(φ′(z ' 0) > 0) but it does not satisfy the solar system constraint µ′(z = 0) = 0) and thus eq. (2.11) is not
applicable for n = 1.
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This result is also demonstrated numerically by using Eqs. (2.8), (2.9) in the context of the best fit parametrization
(1.19) obtained from the RSD growth data [25] (ga < 0). Fig. 7 shows the corresponding evolution of φ
′(z)2
demonstrating that, as expected, for a decreasing µ(z) < 1 we obtain φ′(z)2 < 0 (ghost instabilities) at least close
to z = 0 when the solar system constrants are respected (this does not include the n = 1 case). In the case of
more general scalar-tensor theories (Horndeski and beyond Horndeski) it has been shown that weaker gravity may be
possible provided specific constraints among the terms of the Lagrangian are applicable [76, 96].
We therefore conclude that from the theoretical point of view it is highly challenging to construct a viable theoretical
model that allows for weaker gravity than GR at low redshifts while at the same time it respects solar system and
other observational constraints with an H(z) background close to ΛCDM. This challenge however may prove a useful
discriminating tool among modified gravity models if the weak growth tension persists and gets verified by future
cosmological data.
The issue of weak growth tension is expected to clarify within the next decade due to a wide range of upcoming
surveys. The surveys include Euclid [121, 122] (aiming at mapping the geometry of the universe when dark energy
lead to its accelerated expansion), Square Kilometer Array (SKA) [123, 124] (aiming at analyzing radiosignals from
various galactic sources), Large Synoptic Survey Telescope (LSST) [125] (aiming at mapping and cataloging galaxies,
in order to study their impact on the distortion of spacetime), Cosmic Origins Explorer (COrE) (aiming at mapping
the polarization of the CMB) [126], Dark Energy Spectroscopic Instrument (DESI) [127, 128] (aiming at studying
the effects of dark energy and obtaining the optical spectra of galaxies and quasars) and Wide Field Infrared Survey
Telescope (WFIRST) [129, 130] (aiming at answering key questions in cosmology, probing BAO, WL and Supernovae
data simultaneously). These surveys are expected to provide new more detailed measurements of the dark energy
probes BAO, SnIa, RSD, WL and CC extending to both dynamical and geometrical probes. They are expected to
either confirm or eliminate the weak growth tension. In the first case, they will also provide a concrete discriminator
among the modified gravity models and non-gravitational models that constitute candidate extensions of the standard
ΛCDM model and are motivated by the weak growth tension.
3. EVOLVING Geff AND THE PANTHEON SNIA DATASET.
If the effective Newton’s constant µ = Geff/GN is indeed evolving with redshift on cosmological timescales it is
expected to lead to an evolution of the absolute luminosity and absolute magnitude of SnIa. In this section we present
preliminary work searching for such evolution of the SnIa absolute magnitude with redshift. We use the Pantheon
SnIa dataset [5], which is the latest compilation of SnIa. It consists of 1048 data with redshifts spanning the region
z ∈ [0.01, 2.3]. This dataset is a combined set of the PS1 SnIa dataset [131], which consists of 279 SnIa with redshifts
spanned in the region z ∈ [0.03, 0.68] along with probes of low redshifts (z ∈ [0.01, 0.1]), including the CfA1-CfA4
[132–135] and CSP surveys [136, 137], as well as high redshifts (z > 0.1), probed by SDSS [138, 139], SNLS [140, 141]
and HST surveys [142, 143].
The measured apparent magnitude m for SnIa data is connected to cosmological parameters through the relation
mth(z) = M + 5 log10
[
dL(z)
Mpc
]
+ 25 (3.1)
where dL(z) is the luminosity distances and M is the absolute magnitude. The luminosity distance for a flat FLRW
metric, is given by
dL = c(1 + z)
∫ z
0
dz′
H(z′)
(3.2)
The Pantheon dataset provides the apparent magnitude mobs(zi) after corrections over the stretch, color and
possible biases from simulations [5]. Following the usual method of maximum likelihood [144] we can obtain the best
fit parameters, minimizing the quantity
χ2(M,Ω0m, w, h) = V
i
Panth.C
−1
ij V
j
Panth. (3.3)
where V iPanth. ≡ mobs(zi)−mth(z), Cij provided in [5], is the covariance matrix and h is the dimensionless parameter
of the Hubble constant, which is defined as h ≡ H0/100 (km/s)/Mpc.
Usually, the absolute magnitude M is considered a nuisance parameter and is marginalised along with h, due to a
clear degeneracy between the two parameters. However, in the context of modified gravity with an evolving Newton’s
constant the absolute magnitude is expected to evolve with redshift in accordance with eq. (1.21) and may contain
useful information on fundamental physics. In an effort to identify such evolution we minimize χ2 with respect to the
13
parameter M with fixed background corresponding to the best fit ΛCDM H(z) as obtained from the full Pantheon
dataset with M marginalization (we fix w = −1 and Ω0m = 0.28 [131] and set h = 1 for simplicity). In this context,
we identify the best fit value and 1σ error of M for various subsets of the full Pantheon dataset. In Fig. 8 we show
the best fit absolute magnitude M using subsamples of the Pantheon dataset in the redshift range z ∈ [0.01, zmax].
The 1σ range for the M parameter for various cutoffs zmax is also shown.
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M
FIG. 8: Evolution of the absolute magnitude M as a function of the cutoff zmax.. We have set h = 1 and thus the
value of M is shifted compared to its usual value of M = −19.3.
It is clear from Fig. 8 that low resdhift data in the redshift range z ∈ [0.01, 0.1] seem to favour a value M smaller
than its best fit asymptotic value based on the full dataset (zmax = 2.3) at a level of about 2σ. At redshifts z > 0.2,
M approaches its asymptotic value (dashed line). Our results are consistent with the analysis of Ref. [145] where
the best fit parameters of Ω0m and H0 were investigated as a function of the redshift cutoff zmax. In agreement with
our results it was found that the low z Pantheon data appear to have interesting features which may indeicate the
presence of either systematics or new physics.
In Fig. 9 (left panel) we show the 100 point moving best fit value of M along with its 1σ errors. To construct this
plot we rank the Pantheon datapoints from lowest to highest redshift. We start with the first 100 datapoints (lowest
redshift points 1 to 100) and use them to obtain the best fit value of M (assuming the fixed ΛCDM background) with
its 1σ error. The corresponding z coordinate of this point is the mean redshift of the first 100 points. The ith point
is obtained by repeating the above procedure for the datapoints from i to i+ 100.
Using the best fit value of M obtained from each 100 point subsample we can calculate µ using eq. (1.21) (right
panel of Fig. 9) setting M0 equal to the best fit value of M obtained from the full Pantheon dataset
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FIG. 9: Left Panel: Variation of the absolute magnitude M as a function of zmean for 100 point Pantheon
subsamples. Right Panel: The corresponding variation of µ as a function of zmean for 100 datapoint Pantheon
subsamples.
The absolute magnitude M is degenerate with h. Therefore, the value of h obtained under the assumption of a
constant M would not be the same as the value of h that would be obtained if M was allowed to evolve. In particular,
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using the “Hubble constant free” luminosity distance, that is defined as [146]
DL(z) =
H0 dL(z)
c
(3.4)
we can rewrite eq. (3.1) as [146]
mth(z) = M + 5 log10 (DL(z)) + 5 log10
(
c/H0
1Mpc
)
+ 25 (3.5)
In terms of h and taking into account the possible evolution of µ(z)2, eq. (3.5) takes the form
mth(z) = M0 +
15
4
log10 (µ(z)) + 5 log10 (DL(z))− 5 log10 (h) + 42.38 (3.6)
Using eq. (3.6) it is easy to show that a change of µ by a small amount ∆µ around µ = 1 is equivalent to a small
change of h by
∆h = −3
4
h∆µ (3.7)
Thus, a decrease of µ at low z (∆µ < 0) is equivalent to an increase of h by ∆h compared to the true value of h.
The value of ∆µ ' −2 × 10−2 indicated in Fig. 9 could be interpreted as to a shift of h by about 1.5% if µ was
assumed fixed to 1. This artificial increase of h is in the right direction but does not appear to be enough to explain a
tension of about 8% between the value indicated by the CMB and the value indicated by the SnIa sample. We stress
however that the above analysis is heuristic and a more detailed analysis is required to include the possible effects
of a varying µ in the derivation of H0 from SnIa. In particular, the effects on Cepheid period-luminosity relation
used in the determination of H0 have not been taken into account, the effects of strong gravity in the interior of the
progenitor stars have been ignored and the background cosmology has been assumed fixed to ΛCDM. These effects
should be taken into account in a more complete and detailed analysis.
4. CONSTRAINTS ON EVOLVING Geff FROM LOW l CMB SPECTRUM AND THE ISW EFFECT.
As stated in the previous sections an evolving Newton’s constant µ(z) would help resolve the weak growth and the
H0 tensions. However, such an evolution would also affect [147] other dynamical probes and in particular the low
l (large scale) CMB angular power spectrum through the Integrated-Sachs Wolfe (ISW) effect created as the CMB
photons travel through time varying gravitational potential which would be modified by the evolving µ(z). Any such
modification is constrained by the Planck data. The questions that we address in this section is the following:
• What are the constraints imposed by the Planck CMB TT power spectrum data on the parameter ga of the
parametrization (1.19) assuming a fixed slip parameter to its GR value η = 1?
• Are these constraints consistent with the value of ga required to resolve the weak growth tension?
In order to address these questions we use the 2019 version [148] of MGCAMB [149, 150], which is a modified
version of the CAMB code [151], that it is designed to produce the CMB spectrum in the context of modified gravity
theories with a given background model H(z) and a given scale dependent evolution of µ and η. We fix H(z) to
Planck15/ΛCDM, since the Planck18 likelihood chains which are implemented in COSMOMC and MGCOSMOMC
are not yet publicly available, η = 1 and for µ(z) we use the parametrization (1.19). The values of the parameters for
the Planck15/ΛCDM model are shown in Table II
The predicted form of the CMB angular power spectrum for various values of ga is shown in Fig. 10 along with the
corresponding Planck datapoints.
Clearly, the low-l Planck data do not allow significant variations in the parameter ga and imply strong constraints
on it. These constraints can be made precise using MGCOSMOMC [149, 150], the 2019 modified version [148]
of the COSMOMC code [152]. Allowing variation of the parameters (Ω0m, σ8, ga) while fixing the rest to their
Planck15/ΛCDM values we obtain the parameter contour constraints shown in Fig. 11.
2 µ here is the evolving normalized Newton’s constant and should not be confused with the distance modulus.
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TABLE II: Planck15/ΛCDM parameters values from Ref. [7] based on TT,TE,EE and lowP likelihoods. Notice that
σ8 is larger for the 2015 data release which implies a stronger σ8 tension that the Planck18/ΛCDM best fit model.
Parameter Planck15/ΛCDM [7]
Ωbh
2 0.02225± 0.00016
Ωch
2 0.1198± 0.0015
ns 0.9645± 0.0049
H0 67.27± 0.66
Ω0m 0.3156± 0.0091
w −1
σ8 0.831± 0.013
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FIG. 10: The theoretically predicted form of the CMB power spectrum for a Planck15/ΛCDM background in the
context of a varying µ cosmology described by eq. (1.19) for various values of ga (obtained using MGCAMB).
Clearly, even though negative values of ga are mildly favored and are consistent with the small µ variation implied
by the Pantheon SnIa data of the previous section, this parameter is constrained to be larger than −0.1 at a 3σ
level. This range is barely overalaping with the 2σ range of ga indicated by the compilation of the RSD growth data
shown in Fig. 12. Thus, as pointed out also in previous studies [25] the low l CMB spectrum constrains strongly the
evolution of µ in the context of the parametrization (1.19) and implies that additional parameters and/or systematic
effects are required for the resolution of the weak growth tension (e.g. the extension of the ΛCDM H(z) to wCDM
or the introduction of a sterile massive neutrino).
5. CONCLUSIONS
Assuming a Planck/ΛCDM background expansion H(z) and fixing the slip parameter η to unity, we have inves-
tigated the constraints on a possible evolution of Newton’s constant expressed through the parameter µ using three
observational probes: large RSD data compilations, the Pantheon SnIa distance indicators and the TT CMB angular
power spectrum from the Planck mission. We have shown that all three probes mildly favor a Newton’s constant
that is weaker at low z compared to GR. For RSD data this trend is at the 2 − 3σ level at z < 0.3, for SnIa it is at
about 2σ at z < 0.1 and for the CMB it is at less than 1σ. In the case of RSD and CMB data we have assumed a
specific parametrization that respects the solar system and nucleosynthesis constraints while reducing to GR at z = 0
and at high z. The magnitude of suggested and allowed variation of µ is much smaller for the SnIa and CMB data
(1 − 2%) compared to the corresponding magnitude suggested by the RSD data (about 50%). This inconsistency
suggests that a variation of Newton’s constant in the context of a modified gravity scenario for the parametrization
and the background considered may not by itself be able to explain the weak growth tension indicated by dynamical
observational probes.
The simultaneous mild indication for weaker gravity at low z by independent probes suggests the more careful
investigation of the scenario of an evolving Newton’s constant in the context of different µ and η parametrizations,
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FIG. 11: The 1σ − 2σ contour ranges of cosmological parameters in the context of the parametrization (1.19), using
the Planck15/ΛCDM data and setting n = 2.
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FIG. 12: The 1σ − 2σ parameter constraints in the context of an evolving µ described by the parametrization (1.19)
with n = 2. The full RSD data compilation of Ref. [26] was used. The third parameter in each plot was fixed to the
corresponding Planck15/ΛCDM. Notice the strong indication for weaker gravity at low z whose magnitude is
marginally consistent the corresponding indication from CMB data (Fig. 11).
different H(z) backgrounds and further dynamical observational probes. Such probes may include dynamical probes
such as updated RSD data, WL and CC, as well as geometrical probes including CMB spectrum peaks, BAO and
updated SnIa datasets.
The difficulty of viable modified gravity theories (f(R) and scalar-tensor, Horndeski and beyond Hornseski) to
provide a weaker gravity at low redshifts is an interesting point that may be used as a powerful discriminator among
modified gravity theories.
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